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Abstract
Let G be a finite group one of the forms given in the title with period 2d and X(n) an n-dimensional
CW-complex with the homotopy type of an n-sphere.
We study the automorphism group Aut(G) to compute the number of distinct homotopy types of
spherical space forms with respect to G-actions on all CW-complexes X(2dn − 1). At the end, the
groups E(X(2dn − 1)/γ ) of self homotopy equivalences of space forms X(2dn − 1)/γ associated
with free and cellular G-actions γ on X(2dn− 1) are determined.
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Introduction
The study of free and cellular actions of a discrete group on CW-complexes with the
homotopy type of a sphere is related to investigations of their orbit spaces called spherical
space forms provided the acting group is finite. Swan [13] has shown that cohomology of
any discrete group acting freely on such a finite dimensional complex with cohomology of
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a sphere is periodic and a positive answer for a converse implication has been presented
in [14] for finite groups, then in [2] for infinite discrete groups as well. However, due to
the Milnor result [9], in case of finite group such a complex may not have the homotopy
type of any closed manifold. Useful cohomological and geometric aspects associated to
group actions are presented in [3] and lists of basic conjectures are provided. The group
E(X) of the homotopy classes of self homotopy equivalences for a number of spaces X has
been extensively studied, e.g., by [11]. Taking into account [12] the case of spherical space
forms presents a special interest. For lens spaces that group has been first approached in
[10] then recovered in [12] and explicitly described in [6,7]. The paper [7] concerns also
with those groups of self homotopy equivalences for space forms given by the generalized
quaternion group actions.
An old result of homotopy type theory (see, e.g., [10,15]) says that, up to homotopy,
the set of lens spaces exhausts all homotopy types of spherical space forms for the free
and cellular actions of the cyclic group Z/m on (2n − 1)-dimensional CW-complexes
X(2n − 1) with the homotopy type of a (2n − 1)-sphere. Swan [14] has shown that any
finite group with periodic cohomology of period 2d acts freely and cellularly on a (2d−1)-
dimensional CW-complex of the homotopy type of a (2d − 1)-sphere. By means of results
in [14], it is shown in [15] that the set of homotopy types of spherical space forms of all
free cellular G-actions on (2n−1)-dimensional CW-complexes with the homotopy type of
a (2n− 1)-sphere is in one–one correspondence with the orbits, which contain a generator,
of H 2n(G) = Z/|G| under the action of ±Aut(G) (see also [6] for another approach). The
papers [6,7] deal with the homotopy types of lens spaces and spherical space forms for
generalized quaternion groups Q4m and explicit formulae for numbers of homotopy types
of those spherical space forms have been developed. There are other finite periodic groups
and the Suzuki–Zassenhaus classification of all such groups is presented, e.g., in the table
[1, Chapter IV, Theorem 6.15].
The presented paper has two main goals. The first one is to calculate the numbers of
homotopy types of spherical space forms for the groups Z/aZ/b and Z/a (Z/b×Q2i )
corresponding to the families I and II from this table. The second one is to determine the
group of homotopy classes of self-equivalences for space forms given by actions of those
both finite groups. Obviously cyclic groups are included in the family I and generalized
quaternion groups in the family II. However results in [6,7] are essential to make crucial
calculations and develop main results stated in Theorems 2.6, 3.2 and 3.4.
Section 1 concerns to the semi-direct product Aα G of some finite groups A,G and its
automorphism group Aut(Aα G) as well. We consider the group Derα(G,A) of crossed-
homomorphisms and a subgroup Autα(G) ⊆ Aut(G) to construct a splitting short exact
sequence
0 → Derα(G,A) → Aut(A α G) → Aut(A)× Autα(G) → 1
and present its further properties in Proposition 1.3. Then we make use of those in the rest
of the paper to develop new results on spherical space forms.
Section 2 makes use of the group Aut(A) × Autα(G) to deal with the number of
homotopy types of spherical space forms X(2dn− 1)/γ for actions γ of the finite groups
Z/a  Z/b and Z/a  (Z/b × Q2i ) with a period 2d . The main results of this section
are established in Theorem 2.6. In particular, for 2d  4 in the light of [14] those groups
M. Golasin´ski, D.L. Gonçalves / Topology and its Applications 146–147 (2005) 451–470 453
act on a (4n− 1)-dimensional CW-complex X(4n− 1) for any n 1. Then Corollary 2.7
states that the number of such homotopy types of space forms in case of Z/aZ/b-actions
coincides with that number of (4n− 1)-lens spaces studied in [6] or (4n− 1)-spaces forms
for a generalized quaternion group developed in [7] in case of Z/a  (Z/b ×Q2i )-actions.
The group of crossed homomorphisms Derα(G,A) plays a key role in Section 3 to treat
the structure of groups E(X(2dn − 1)/γ ) of spherical space forms X(2dn − 1)/γ with
respect to free and cellular Z/a  Z/b- and Z/a  (Z/b × Q2i )-actions γ , respectively.
Theorems 3.2 and 3.4 deal with explicit formulae for those groups.
Approaching of homotopy types of spherical space forms and their self homotopy
equivalences for the rest of groups from the table in [1, Chapter IV, Theorem 6.15] is
in progress.
1. Algebraic backgrounds
Let a finite group G be given by an extension
1 → G1 → G → G2 → 1
with relatively prime orders of groups G1 and G2. Then by the Schur–Zassenhaus Theorem
[8, Chapter IV, Theorem 10.5] this sequence splits and G is isomorphic to the semi-direct
product G1 α G2 for some G2-action α :G2 → Aut(G1), where Aut(G1) denotes the
automorphism group of G1. To compare the group Aut(G) with Aut(G1) and Aut(G2) we
construct a map ψ : End(G) → End(G1) × End(G2) of semigroups of endomorphisms as
follows. Given an endomorphism ϕ :G → G, we get ϕ(G1) ⊆ G1 because the order of
ϕ(g1) for each g1 ∈ G1, is relatively prime to the order of G2. So let ϕ1 = ϕ|G1 and ϕ2
be the induced homomorphism on the quotient G2 = G/G1. Defining ψ(ϕ) = (ϕ1, ϕ2),
it is straightforward to see that ψ is a homomorphism of semi-groups which restricts to
a homomorphism of groups Aut(G) → Aut(G1)× Aut(G2) denoted by ψ as well.
Lemma 1.1. If G1 and G2 are finite groups with relatively prime orders then the maps
ψ : End(G1 ×G2) → End(G1)× End(G2) and ψ : Aut(G1 ×G2) → Aut(G1)× Aut(G2)
are isomorphisms.
Proof. Consider the obvious map ψ ′ : End(G1) × End(G2) → End(G1 × G2) given by
ψ ′(ϕ1, ϕ2)(g1, g2) = (ϕ1(g1), ϕ2(g2)) for (ϕ1, ϕ2) ∈ End(G1) × End(G2) and (g1, g2) ∈
G1 × G2. It is straightforward to see that ψ ′(ϕ1, ϕ2) ∈ End(G1 × G2) and ψ ◦ ψ ′ is the
identity.
Now consider the map ψ ′ ◦ ψ . Given ϕ ∈ End(G1 × G2) the map (ψ ′ ◦ ψ)(ϕ)
restricted to G1 coincides with ϕ restricted to G1 and the same holds for G2. Therefore
(ψ ′ ◦ ψ)(ϕ) = ϕ. 
Given an H -action α :H → Aut(A) on an Abelian group A write Derα(H,A) for
the Abelian group of crossed homomorphisms. It is well known that Derα(H,A) ∼=
HomZH(IH ,A), where ZH denotes the group ring of H over the integers Z and IH
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the augmentation ideal of ZH . For H -actions α1 :H → Aut(A1) and α2 :H → Aut(A2)
consider the obvious induced action (α1, α2) :H → Aut(A1 ×A2). Then an isomorphism
Der(α1,α2)(H,A1 ×A2)
∼=−→ Derα1(H,A1)× Derα2(H,A2) ()
follows.
Let now 0 → A → G → H → 1 be a short exact sequence, with A an Abelian
group. Then there is an obvious H -action α :H → Aut(A). If groups A and H are finite
with relatively prime orders then the cohomology group H 1(H,A) vanishes (see, e.g.,
[1, Corollary 5.4]) and consequently Derα(H,A) = A/AH , where AH is the subgroup of
A consisting of all elements invariant under the action of H .
Lemma 1.2. If 0 → A → G π−→ H → 1 is a short exact sequence of finite groups, where
orders of A and H are relatively prime and A is Abelian then there is an exact sequence
0 → Derα(H,A)→ Aut(G) ψ−→ Aut(A)× Aut(H).
Proof. We show that the kernel Kerψ is isomorphic to Derα(H,A). Given ϕ ∈ Aut(G)
such that ψ(ϕ) = (idA, idH) we get ϕ(g)g−1 ∈ A for any g ∈ G and ϕ(g)g−1 = ϕ(g′)g′−1
provided π(g) = π(g′) for any g,g′ ∈ G. Then the map d :H → A given by d(h) =
ϕ(g)g−1, where h = π(g) for some g ∈ G is a well defined crossed homomorphism.
Conversely, for d ∈ Derα(H,A) the map ϕ :G → G given by ϕ(g) = d(π(g))g for
g ∈ G is an automorphism in Kerψ and the result follows. 
Given a G-action α on a group A, endomorphisms (automorphisms) ϕ1 :A → A
and ϕ2 :G → G determine an endomorphism (automorphism) ϕ :A α G → A α G
defined by ϕ(a,g) = (ϕ1(a),ϕ2(g)) if and only if ϕ1(α(g)a) = α(ϕ2(g))ϕ1(a) for any
(a, g) ∈ A α G. Certainly on the set Aut0(A  G) of all such automorphisms of A α G
there is a subgroup structure inherited from the product Aut(A)× Aut(G).
Suppose that the groups A and G are finite with relatively prime orders and A is Abelian
as well. Then by Lemma 1.2 there is an exact sequence
0 → Derα(G,A) → Aut(A α G) ψ−→ Aut(A)× Aut(G)
and of course Aut0(A α G) ⊆ Imψ . On the other hand, given ϕ ∈ Aut(A α G) with
ψ(ϕ) = (ϕ1, ϕ2) we get that
ϕ1
(
α(g)a
)= ϕ[(0, g)(a, e)(0, g−1)]= ϕ(0, g)ϕ1(a)ϕ(0, g)−1 = α(ϕ2(g))ϕ1(a)
for any (a, g) ∈ A α G. Hence (ϕ1, ϕ2) ∈ Aut0(A α G) and consequently Aut0(A α
G) = Imψ . If now the group Aut(A) is Abelian then ϕ1(α(g)a) = α(ϕ2(g))ϕ1(a) for
any (a, g) ∈ A × G if and only if α(g) = α(ϕ2(g)) for any g ∈ G. Observe that such
automorphisms ϕ2 ∈ Aut(G) determine a subgroup
Autα(G) =
{
ϕ2 ∈ Aut(G); ϕ2(Kerα) = Kerα and ϕ¯2|G/Kerα = idG/Kerα
}
of Aut(G) and Autα(G) is trivial provided α is injective (i.e., the action α is faithful).
Consequently, Aut0(A α G) = Aut(A)× Autα(G) and the short exact sequence
0 → Derα(G,A) → Aut(A α G) ψ−→ Aut(A)× Autα(G) → 1
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splits. Given a prime p by the Châtelet–Baer Theorem (see, e.g., [5, Chapter XVI,
Section 115]) the automorphism group of a finite p-group A is Abelian if and only if
A is cyclic. Thus finite cyclic groups are the only finite Abelian groups with Abelian
automorphism groups and we are in a position to state the result.
Proposition 1.3. Let A and G be finite groups with relatively prime orders. If A is cyclic
with a G-action α then there is an isomorphism
Aut(A α G)
∼=−→ A/AG ∗
(
Aut(A)× Autα(G)
)
with Autα(G) = {ϕ2 ∈ Aut(G); α = αϕ2} = {ϕ2 ∈ Aut(G); ϕ2(Kerα) = Kerα and
ϕ¯2|G/Kerα = idG/Kerα}, where ϕ¯2 denotes the map induced by ϕ2 on the quotient group
G/Kerα. On the group A/AG there is an Aut(A)× Autα(G)-action ∗ given by (ϕ1, ϕ2) ∗
x¯ = ϕ1(x¯) for any x¯ ∈ A/AG and (ϕ1, ϕ2) ∈ Aut(A)× Autα(G).
Now for α1 :G → Aut(A1) and α2 :G → Aut(A2) consider the obvious induced action
(α1, α2) :G→ Aut(A1 ×A2). Furthermore, any action β :G1 ×G2 → Aut(A) is uniquely
determined by its restrictions β1 :G1 → Aut(A) and β2 :G2 → Aut(A), respectively.
Conversely, if the group Aut(A) is Abelian, given β1 :G1 → Aut(A) and β2 :G2 →
Aut(A) there is a unique action β :G1 × G2 → Aut(A) whose restrictions to the groups
G1 and G2 are β1 and β2, respectively.
Corollary 1.4. Let A, A1 and A2 be finite cyclic groups. Then (with the notations as above):
(1) Aut(α1,α2)(G) ∼= Autα1(G) × Autα2(G) provided orders of A1 and A2 are relatively
prime;
(2) Autβ(G1 × G2) ∼= Autβ1(G1)× Autβ2(G2).
Consider now the cyclic group Z/b with a generator 1b . Given an action α : Z/b →
Aut(Z/a) on a finite cyclic group Z/a write (α) for the order of α(1b) in the group
Aut(Z/a). For ϕ ∈ Aut(Z/a α Z/b) let ψ(ϕ) = (ϕ1, ϕ2), where the automorphism
ϕ2 ∈ Aut(Z/b) is the multiplication by an integer s with (s, b) = 1. By Proposition 1.3,
a necessary and sufficient condition for such a pair (ϕ1, ϕ2) to be in the image Aut(Z/a)×
Autα(Z/b) of the map ψ : Aut(Z/a α Z/b)→ Aut(Z/a)× Aut(Z/b) is
α(1b) = α
(
ϕ2(1b)
)
or equivalently
α(1b) = α(s) = α(1 + · · · + 1)= α(1b)s.
Hence we deduce that α(1b)s−1 = idZ/a and the set of all possible values of s given
by {s;α(1b)s−1 = idA and (s, b) = 1} = {1 + m(α); for m  0 and (1 + m(α), b) = 1}
determines the subgroup Autα(Z/b) ⊆ Aut(Z/b).
But (α) is a divisor of b, so for b = pn with a prime p and n 0 we get
Autα
(
Z/pn
)= {1 +m(α); for m 0}.
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Thus −1pn /∈ Autα(Z/pn) and pn/(α) is the order of the group Autα(Z/pn) provided
(α) > 1 for p odd or (α) > 2 for p = 2. Otherwise Autα(Z/pn) = Aut(Z/pn) for any
prime p. In the light of [16, Chapter IV], a ≡ 1 (mod pk) implies ap ≡ 1 (mod pk+1)
for any k > 0 and an odd prime p, and ap ≡ 1 (mod pk+2) implies a ≡ 1 (mod pk+1)
for any k > 0 and a prime p. Consequently 1 + (α) is a cyclic generator of the group
Autα(Z/pn) for p odd and (α) > 1. But it is well known (see, e.g., [16, Chapter IV])
that Aut(Z/pn) ∼= Z/(p − 1) × Z/pn−1 for p odd. Because pn/(α) is the order of
Autα(Z/pn) so we deduce that Autα(Z/pn) ⊆ Z/pn−1 for an odd p and (α) > 1.
Furthermore a ≡ 1 (mod 22) and a2 ≡ 1 (mod 2k+2) implies a ≡ 1 (mod 2k+1) for any
k > 0. From this it follows that 1 + (α) is a cyclic generator of Autα(Z/2n) provided
(α) > 2 an of course Autα(Z/2n) ∼= Z/2n−1 for n < 3. But Aut(Z/2n) ∼= Z/2 × Z/2n−2
for n  3 (see, e.g., [16, Chapter IV]) with generators, multiplication by −1 giving the
element of order two, and multiplication by 5 or −3 giving the element of order 2n−2.
Actually, it could be shown that the numbers 5,−3 might be replaced by any number
±1 + 4k with k an odd integer. Because 2n/(α) is the order of Autα(Z/2n) for (α) > 2
and −1pn /∈ Autα(Z/2n) we deduce that Autα(Z/2n) ⊆ Z/2n−2 for (α) > 2 and n  3.
Hence we have proved the next result.
Proposition 1.5. Let a,n be positive integers, p a prime with (a,pn) = 1 and α : Z/pn →
Aut(Z/a) an action. Then:
(1) for an odd p either Autα(Z/pn) ∼= Z/(p − 1) × Z/pn−1 provided (α) = 1 or
Autα(Z/pn) ⊆ Z/pn−1 and pn/(α) is the order of Autα(Z/pn) provided (α) > 1;
(2) for p = 2 either Autα(Z/2n) = Z/2n−1 if n < 3 or Autα(Z/2n) ∼= Z/2 × Z/2n−2 if
n  3 provided (α) = 1,2 or Autα(Z/2n) ⊆ Z/2n−2 and 2n/(α) is the order of
Autα(Z/2n) if n 3 provided (α) > 2.
If now b = pn11 · · ·pntt is the prime factorization of b with ni  1 for i = 1, . . . , t ,
then there is an isomorphism χ : Z/pn11 × · · · × Z/pntt
∼=−→ Z/b and an action α : Z/b →
Aut(Z/a) implies the action αχ : Z/pn11 × · · · × Z/pntt → Aut(Z/a) uniquely determined
by its restrictions αi = (αχ)i : Z/pnii → Aut(Z/a) for i = 1, . . . , t . Then from Corol-
lary 1.4 we deduce that Autα(Z/b) ∼= Autα1(Z/pn11 ) × · · · × Autαt (Z/pntt ) and (α) =
(α1) · · ·(αt ).
Certainly, given an action α : Z/b → Aut(A) with an Abelian group A the group
Derα(Z/b,A) can be identified with the quotient group A/(AZ/b) which is isomorphic
to the group (α(1b) − idA)A. On the other hand, any crossed homomorphism d ∈
Derα(Z/b,A) is completely determined by its value on the generator 1b ∈ Z/b and
the relation d(b) = 0. Thus the group Derα(Z/b,A) can be identified with the group
{x ∈ A; (idA + α(1b) + · · · + α(1b)b−1)x = 0}. In particular, for A = Z/a the group
Derα(Z/b,Z/a) is isomorphic to the cyclic subgroup (a/(a,1+α(1b)+ · · ·+ α(1b)b−1))
of Z/a generated by a/(a,1 + α(1b)+ · · · + α(1b)b−1).
By Proposition 1.3, we are in a position to state:
Corollary 1.6. Let Z/a and Z/b be cyclic groups with (a, b)= 1. If b = pn11 · · ·pntt is the
prime factorization of b then there are isomorphisms
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Aut(Z/a α Z/b)
∼=−→ (a/(a,1 + α(1b)+ · · · + α(1b)b−1))
(
Aut(Z/a)× Autα(Z/b)
)
and Autα(Z/b) ∼= Autα1(Z/pn11 ) × · · · × Autαt (Z/pntt ), where αi : Z/pnii → Aut(Z/a) is
the restriction of the action α : Z/b → Aut(Z/a) to the group Z/pnii for i = 1, . . . , t .
In particular, it follows that Autα(Z/b) = Aut(Z/b) for any α : Z/b → Aut(Z/a) with
(α) = 1,2.
Let now Q4m = {x, y; xm = y2, xyx = y} be the generalized quaternion group of order
4m and m = 2im′ for i  0, where m′ is odd and write Q2i+2 = {x¯, y¯; x¯2i = y¯2, x¯y¯x¯ = y¯}.
Then there is the splitting short exact sequence
0 → 〈x2i+1 〉→ Q4m → Q2i+2 → 0,
where the splitting map σ : Q2i+2 → Q4m is given by σ(x¯) = xm′ and σ(y¯) = y . Therefore
Q4m ∼= Z/m′  Q2i+2 and in particular Q4m ∼= Z/m  Z/4 for m odd because Q4 = Z/4.
Furthermore, given an action α : Q4m → Aut(Z/a) with (a,4m) = 1, it could be shown
an isomorphism Z/a α Q4m ∼= Z/a α (Z/m′  Q2i+2) ∼= (Z/a × Z/m′)  Q2i+2 ∼=
Z/am′  Q2i+2 .
More generally, consider the group Z/a β (Z/b × Q2i ) with (a, b) = 1, (ab,2) = 1
and i  2, where β : Z/b × Q2i → Aut(Z/a) is an action of Z/b × Q2i on the group Z/a.
Because Q4 = Z/4 and so Z/a β (Z/b × Z/4) ∼= Z/b β Z/4b is one of the groups
studied above. Therefore throughout this paper we assume that i  3. The group Aut(Z/a)
is Abelian so the map β is uniquely determined by its restrictions β1 : Z/b → Aut(Z/a)
and β2 : Q2i → Aut(Z/a). The abelianization of Q2i is isomorphic to the group Z/2×Z/2
whence the map β2 is uniquely determined by elements β2(x) and β2(y) in Z/a with
β2(x)2 = β2(y)2 = 1a and (β2(x), a)= (β2(y), a)= 1.
Because b is odd, Lemma 1.1 yields Aut(Z/b × Q2i ) ∼= Aut(Z/b) × Aut(Q2i ).
Furthermore, by [1, Lemma 6.9] and [6] we have Aut(Q2i ) ∼= Z/2i−1  Aut(Z/2i−1) for
i > 3 and Aut(Q8) ∼= S4, where S4 is the symmetric group on four letters. Thus we can
consider the map
ψ : Aut
(
Z/a β (Z/b × Q2i )
)→ Aut(Z/a)× Aut(Z/b)× Aut(Q2i )
defined above. To analyse the group Aut(Z/a β (Z/b × Q2i )), we need, in the light of
Proposition 1.3, to describe the groups Derβ(Z/b × Q2i ,Z/a) and Autα(Z/b × Q2i ).
For the study of Derβ(Z/b × Q2i ,Z/a) observe first the following fact, easy to check.
Lemma 1.7. Let A and G be groups, α :G → Aut(A) an action and d :G → A a crossed
homomorphism. If H ⊆ G is a normal group with H ⊆ Kerα and d restricts to a trivial
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map on H then there is a crossed homomorphism d¯ :G/H → Aut(A) with respect to the
induced action α¯ :G/H → Aut(A) and the diagram
G
d
A
G/H
d¯
commutes.
Let first a = pn with an odd prime p and n  0. Because −1pn is the only element in
Aut(Z/pn) with order 2 we get that β2(x) = ±1pn and β2(y) = ±1pn . Given a crossed
homomorphism d : Z/b × Q2i → Z/pn write δ : Q2i → Aut(Z/pn) for its restriction to
the group Q2i . Then the relations x2
i−2 = y2, xyx = y on the generators of the group Q2i
imply{(
1 − β2(x)
)
δy = (1 + β2(x)β2(y))δx,
2i−3
(
1 + β2(x)
)
δx = (1 + β2(y))δy.
Hence we deduce that δ is trivial for β2(x)= β2(y) = 1pn . Otherwise Kerβ2 is a subgroup
of Q2i with index 2 and δ restricts to the trivial map on Kerβ2 as well. Consequently, by
Lemma 1.7, we get that Derβ(Z/b×Q2i ,Z/pn) = Derβ1(Z/b,Z/pn) provided β2 is trivial
and Derβ(Z/b×Q2i ,Z/pn) = Derβ¯ (Z/b×Z/2,Z/pn) otherwise, where β¯ : Z/b×Z/2 =
Z/b × (Q2i /kerβ2) → Aut(Z/a) is the action induced by β . Because b is odd the group
Z/b × Z/2 is cyclic whence, as in Corollary 1.5, elements of Derβ¯ (Z/b × Z/2,Z/pn)
might be described by means of some elements in Z/pn.
If now a is an odd integer and a = pn11 · · ·pntt its prime factorization with ni  1 for
then p′i s are odd for all i = 1, . . . , t because (ab,2) = 1. Obviously any isomorphism
Z/a
∼=−→ Z/pn11 × · · ·× Z/pntt yields isomorphisms γ : Aut(Z/a)
∼=−→ Aut(Z/pn11 × · · ·×
Z/p
nt
t ) and Derβ(Z/b × Q2i ,Z/a)
∼=−→ Derγβ(Z/b × Q2i ,Z/pn11 × · · · × Z/pntt ) for
β : Z/b × Q2i → Aut(Z/a). Then the well-known (cf. also Lemma 1.1) isomorphism
Aut(Z/pn11 × · · · × Z/pntt )
∼=−→ Aut(Z/pn11 ) × · · · × Aut(Z/pntt ) and () lead to an
isomorphism
Derβ(Z/b × Q2i ,Z/a)
∼=−→ Derγ1β
(
Z/b × Q2i ,Z/pn11
)× · · ·
× Derγtβ
(
Q2i ,Z/p
nt
t
)
,
where γi is the composition of γ with an appropriate projection map Aut(Z/pn11 ) × · · · ×
Aut(Z/pntt ) → Aut(Z/pnii ) for i = 1, . . . , t . Thus we may summarize the discussion above
as follows.
Proposition 1.8. Let Z/b and Z/pn be cyclic groups with a prime p and n  1, Q2i
the generalized quaternion group with order 2i for i  3, (b,pn) = (bpn,2) = 1 and
β : Z/b × Q2i → Aut(Z/pn) an action. Write β1 : Z/b → Aut(Z/pn) and β2 : Q2i →
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Aut(Z/pn) for the appropriate restrictions of β . Then either Q2i /Kerβ2 is trivial or
Q2i /Kerβ2 ∼= Z/2 and:
(1) Derβ(Z/b × Q2i ,Z/pn) ∼= Derβ1(Z/b,Z/pn) if β2 is trivial;
(2) Derβ(Z/b × Q2i ,Z/pn) ∼= Derβ¯ (Z/b × Z/2,Z/pn) if β2 is non-trivial, where
β¯ : Z/b × Z/2 ∼= Z/b × (Q2i /Kerβ2) → Aut(Z/pn) is the action induced by β .
If β : Z/b × Q2i → Aut(Z/a) is an action with (a, b)= (ab,2)= 1 and a = pn11 · · ·pntt
the prime factorization of a with ni  1 for i = 1, . . . , t then Derβ(Z/b × Q2i ,Z/a)
∼=−→
Derγ1β(Z/b × Q2i ,Z/pn11 ) × · · · × Derγtβ(Z/b × Q2i ,Z/pntt ), where γi the composition
of an isomorphism γ : Aut(Z/a) ∼=−→ Aut(Z/pn11 × · · · × Z/pntt ) with an appropriate
projection map Aut(Z/pn11 )× · · · × Aut(Z/pntt ) → Aut(Z/pnii ) for i = 1, . . . , t .
Move now to the group Autβ(Z/b×Q2i ), where β = (β1, β2) : Z/b×Q2i → Aut(Z/a).
Because b is odd, Lemma 1.1 rises an isomorphism Aut(Z/b × Q2i ) ∼= Aut(Z/b) ×
Aut(Q2i ). Thus, in the light of Corollary 1.4 we get an isomorphism
Autβ(Z/b × Q2i )
∼=−→ Autβ1(Z/b)× Autβ2(Q2i )
and ϕ′′2 ∈ Autβ2(Q2i ) if and only if:{
β2(x)= β2
(
ϕ′′2 (x)
)
,
β2(y)= β2
(
ϕ′′2 (y)
)
,
()
where x, y are generators in the group Q2i .
If i > 3 then by [6, Proposition 1.2] we have ϕ′′2 (x) = xk and ϕ′′2 (y) = xly for some l
such that k = 0, . . . ,2i−1 − 1 with k odd. Thus we deduce that the conditions above are
equivalent to the following
β2(x)
l = 1
for l = 0, . . . ,2i−1 − 1. But β2(x)l = 1 for l even and β2(x)l = β2(x) for l odd and,
in the light of [6], the group Aut(Q2i ) with i > 3 is isomorphic to a metabelian group
Z/2i−1  Aut(Z/2i−1). Thus
Autβ2(Q2i ) ∼= Z/2i−1  Aut
(
Z/2i−1
)
provided β2(x) = 1a
and
Autβ2(Q2i ) ∼= Z/2i−2  Aut
(
Z/2i−1
)
otherwise.
For i = 3, the group Q8 is isomorphic to the subgroup {±1,±i,±j,±k} of the skew
field of quaternions. If the map β2 : Q8 → Aut(Z/a) is trivial then of course Autβ2(Q8) =
Aut(Q8) ∼= S4, where S4 is the symmetric group on four letters. Otherwise, the image of
the map β2 has order 2 or 4 and β2(1) = β2(−1) = 1, α2(−i) = β2(i), β2(−j) = β2(j),
β2(−k) = β2(k).
Observe that for order 4 of the image of β2 it holds β2(i) 	= 1a and β2(j) 	= 1a .
Consequently β2(−k) = β2(k) = β2(i)β2(j) 	= 1a and β2(i)β2(j) 	= β2(i), β2(j). Because
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i and j are generators of Q8 hence, in the light of the equations (), consider ϕ′′ ∈ AutQ82
such that
β2(i)= β2
(
ϕ′′2 (i)
)
and β2(j) = β2
(
ϕ′′2 (j)
)
.
Thus, by virtue of the above observations ϕ′′2 (i) = ±i and ϕ′′2 (j) = ±j , and any of those
possibilities extends to an automorphism of Q8. Hence we deduce that the group Autβ2(Q8)
is isomorphic to the direct product Z/2 × Z/2.
If the order of the image of β2 is 2 then of course β2(i) = β2(j) 	= 1a . By an explicit
calculation as in the case of order 4 we conclude that the group Autβ2(Q8) is isomorphic
to the dihedral group D8. Now we are ready to close this section with
Proposition 1.9. Let Z/a and Z/b be cyclic groups, Q2i = {x, y; x2i−2 = y2, xyx = y} the
generalized quaternion group with order 2i for i  3, (a, b) = (ab,2) = 1 and β : Z/b ×
Q2i → Aut(Z/a) an action. Write β1 : Z/b → Aut(Z/a) and β2 : Q2i → Aut(Z/a) for the
restrictions of β to the groups Z/b and Q2i , respectively. Then:
(1) Autβ2(Q2i ) ∼= Z/2i−1 Aut(Z/2i−1) provided β2(x) = 1a or Autβ2(Q2i ) ∼= Z/2i−2 
Aut(Z/2i−1) provided β2(x) 	= 1a for i > 3;
(2) either Autβ2(Q8) ∼= S4, if β2 is trivial, or Autβ2(Q8) ∼= D8 if the order of the image of
β2 is 2 or Autβ2(Q8) ∼= Z/2 × Z/2 if the order of the image of β2 is 4, where S4 is the
symmetric group on four letters and D8 the dihedral group.
Certainly the group Autβ1(Z/b) has been described by Proposition 1.5 and Corol-
lary 1.6. Observe that (β1)  2 implies (β1) = 1 because b is odd and consequently
Autβ1(Z/b) = Aut(Z/b).
2. Homotopy types of space forms
Given a group G, write Hn(G) for its nth cohomology group with constant coefficients
in the integers Z for n  0. Then any automorphism ϕ ∈ Aut(G) gives rise to the
induced automorphism ϕ∗ ∈ Aut(Hn(G)) and write η : Aut(G) → Aut(Hn(G)) for the
corresponding anti-homomorphism.
Since the terminology about the meaning of period is a little confusing, by a period of
a group G we mean an integer d such that Hi(G) = Hi+d(G) for all i > 0 and a group G
with this property is called periodic. Among all periods of a group G there is the least one
and all others are multiple of that one, and by [4, Section 11] period of any periodic group
is even.
Throughout the rest of the paper X(n) denotes an n-dimensional CW-complex with the
homotopy type of an n-sphere and the group Aut(Z/a) is identified with the unit group
(Z/a) of the mod a ring Z/a. Swan [13] has shown that any discrete group acting freely
on such a complex is periodic and as a result of [14] any finite periodic group with a period
2d acts freely and cellularly on a CW-complex X(2d − 1).
Given a free cellular action γ of a finite group G with order |G| on a CW-complex
X(2n − 1) write X(2n − 1)/γ for the corresponding orbit space called a (2n − 1)-
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spherical space form or a Swan (2n − 1)-complex (see, e.g., [3]). Then the group G is
periodic with period 2d dividing 2n and by [4, Chapter XVI, §9] there is an isomorphism
H 2n(G) ∼= Z/|G|. Two spherical space forms X(2n − 1)/γ and X′(2n− 1)/γ ′ are called
equivalent if they are homeomorphic and let K2n−1G denote the set of all such classes.
We say that two classes [X(2n − 1)/γ ] and [X′(2n − 1)/γ ′] are homotopic if the space
forms X(2n − 1)/γ and X′(2n − 1)/γ ′ are homotopy equivalent. Write K2n−1G /
 for
the associated quotient set of K2n−1G and cardK2n−1G /
 for its cardinality, respectively.
By means of [14], it is shown in [15] that elements of the set K2n−1G /
 are in one–one
correspondence with the orbits, which contain a generator in H 2n(G) = Z/|G| under the
action of ±Aut(G) (see also [6] for another approach). But generators of the group Z/|G|
are given by the unit group (Z/|G|) of the ring Z/|G|. Thus, those homotopy types are in
one–one correspondence with the quotient (Z/|G|)/{±ϕ∗; ϕ ∈ Aut(G)}, where ϕ∗ is the
induced automorphism on the cohomology H 2n(G) = Z/|G| by ϕ ∈ Aut(G).
Now we compute the least period 2d of cohomology of the group Z/a α G, where
α :G → (Z/a) is an action and (a, |G|) = 1. Then we study induced homomorphisms in
cohomology at the dimension 2dn with n > 0 by automorphisms of the group G and, in
particular, we investigate the periodic groups Z/a α Z/b and Z/a β (Z/b × Q2i ).
Let first G1 and G2 be finite groups with relatively prime orders |G1| and |G2|,
respectively. Because |G1|Hn(G1) = 0 and |G2|Hn(G2) = 0 for any n > 0 so the groups
Hm(G1) and Hn(G2) are finite with relatively prime orders for any m,n > 0 as well. Thus
Hm(G1) ⊗ Hn(G2) = 0 for m,n > 0 and Tor(Hm(G1),Hn(G2)) = 0 for any m,n  0.
Consequently, by the Künneth formula we get
Hn(G1 ×G2) ∼= Hn(G1)× Hn(G2)
for any n > 0. If G1 and G2 are also periodic with periods 2d1 and 2d2, respectively then
the least common multiple of 2d1 and 2d2 denoted by [2d1,2d2] is a period of the product
G1 ×G2. In fact, that is the least one and any other is a multiple of [2d1,2d2] = 2[d1, d2].
We point out that the free product G1 ∗G2 of finite periodic groups G1 and G2 is a discrete
periodic group (after a finite number of steps) but this is not a finite one unfortunately.
Given a finite group G and an action α :G → (Z/a), write |α(g)| for the order of
the automorphism α(g) with g ∈ G and (α) = [|α(g)|; for g ∈ G] for the least common
multiple of those orders. Then, for a semi-direct product Z/a α G, we can show the
following result.
Proposition 2.1. Let Z/a be a cyclic group, G a finite group, α :G → (Z/a) an action
and (|G|, a) = 1, where |G| denotes the order of G. If G is periodic with a period 2d
then the semi-direct product Z/a α G is also a period finite group with the least period
2[(α), d].
Proof. Consider the Lyndon–Hochschild–Serre spectral sequence associated with the
short exact sequence
0 → Z/a → Z/a α G → G → 1.
The terms Ep,q2 of this spectral sequence are of the form E
p,q
2 = Hp(G,Hq(Z/a)).
Because order of (|G|, a) = 1, we get by means of [1, Corollary 5.4] that Ep,q2 = 0
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for p,q > 0. Therefore the possible non-vanishing terms of the spectral sequence are
Hp(G) and H 0(G,Z/a), where Z/a = Hq(Z/a) for q even and the G-action induced
by α :G → (Z/a) in the group Hq(Z/a). Furthermore, since the original short exact
sequence splits, the spectral sequence collapses and the term E2 is isomorphic to E∞.
But H 2n(G) = Z/|G| provided 2n is a multiple of the period 2d (see, e.g., [4, Proposition
11.1]) and H 0(G,Z/a) = (Z/a)G, the subgroup of Z/a consisting of all elements invariant
under the action of G.
Hence, in order to have H 2n(Z/a α G) = Z/(a|G|), it is necessary and sufficient
that 2n is a multiple of the period 2d and the action of G on H 2n(Z/a) = Z/a is trivial.
Recall that, for an automorphism ϕ of the group Z/a given by an element k ∈ Z/a, the
induced map on H 2n(Z/a) is multiplication by kn for n > 0. Thus the induced action of
G on H 2(α)(Z/a) is trivial and so the least common multiple 2[(α), d] is really the least
period of the group Z/a α G, and the proof is complete. 
Observe that (α) = |α(1b)| and (β) = [|β(1b, e)|, |β(0, x)|, |β(0, y)|] for actions
α : Z/b → (Z/a) and β : Z/b × Q2i → (Z/a), where 1b is a generator of Z/b and
x, y are generators of the generalized quaternion group Q2i . Since the group Z/b × Q2i
is periodic with the least period 4 so by Proposition 2.1 the groups Z/a α Z/b and
Z/a β (Z/b × Q2i ) are also periodic with the least periods 2(α) and 2[(β),2],
respectively.
By Lemma 1.1 any automorphism ϕ ∈ Aut(Z/a α G) determines a pair (ϕ1, ϕ2) ∈
(Z/a) × Aut(G) with the commutative diagram
0 Z/a
ϕ1
Z/a α G
ϕ
G
ϕ2
0
0 Z/a Z/a α G G 0
Then Lyndon–Serre–Hochshid spectral sequence and its naturality lead to the commutative
diagram of cyclic groups with exact rows
0 H 2n[d,(α)](G)
ϕ∗2
H 2n[d,(α)](Z/a α G)
ϕ∗
H 2n[d,(α)](Z/a)
ϕ∗1
0
0 H 2n[d,(α)](G) H 2n[d,(α)](Z/a α G) H 2n[d,(α)](Z/a) 0
for n > 0. Hence ϕ∗ is uniquely determined by the corresponding pair (ϕ∗2 , ϕ∗1 ) and
consequently there is the factorization
Aut(Z/a α G)
ψ
η
Aut(H 2n[(α),d](Z/a α G))
(Z/a) × Autα(G)
η′
for all n > 0, where Autα(G) is the subgroup of G defined in Section 1 before
Proposition 1.3. But H 2n[(α),d](Z/a α G) ∼= Z/a|G|, so in the light of the above, to
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describe the number cardK2n[(α),d]−1/
 of homotopy types of spherical space forms forZ/aαG
Z/a α G we are led to compute the order of the quotient (Z/a|G|)/{±ϕ∗; ϕ ∈ (Z/a) ×
Autα(G)} where ϕ∗ is the induced automorphism on the cohomologyH 2n[(α),d](Z/aG)
for ϕ ∈ (Z/a) × Autα(G).
Now given an action ω :G → (Z/m) write AG(m,n) = (Z/m)/{±ω(g)n; g ∈ G}
for the quotient group and A(m,n) if G = (Z/m) and ω = id(Z/m) . Denote by OG(m,n)
and O(m,n) orders of AG(m,n) and A(m,n), respectively. If m = m1 · · ·ms is a product
of positive relatively prime numbers then by, e.g., Lemma 1.1 there is an isomorphism
(Z/m) ∼= (Z/m1) × · · · × (Z/ms). Thus, given actions ωi :Gi → (Z/mi) for i =
1, . . . , s consider the induced action (ω1, . . . ,ωs) :G1 × · · · × Gs → (Z/m1) × · · · ×
(Z/ms)
 ∼= (Z/m) and the group AG1×···×Gs (m,n). Observe that following mutatis
mutandis the proof of [6, Proposition 2.1] we can state a very useful result in the sequel.
Proposition 2.2. Let m = m1 · · ·ms be a product of positive relatively prime numbers and
ωi :Gi → (Z/mi) actions for i = 1, . . . , s. Then there is an extension
0 → (Z/2)t → AG1×···×Gs (m,n) →
s∏
i=1
AGi (mi, n) → 0
for any n 1, where t is determined as follows:
(1) t = 0, if −1 ∈ {ωi(g)n; g ∈ Gi} for any i = 1, . . . , s;
(2) t = s − 1 − #{i;−1 ∈ {ωi(g)n; g ∈ Gi}}, otherwise.
To investigate the number of homotopy types of space forms for actions of the semi-
direct products Z/a α Z/b and Z/a β (Z/b × Q2i ) we briefly recall the basic facts
on induced maps by automorphisms of cyclic and generalized quaternion groups on their
cohomology.
Let g2 be a generator in the group H 2(Z/m;Z)= Z/m. The results in [4, Chapter XII,
§11] show that gn2 generates H 2n(Z/m) = Z/m. Then, for any ϕ ∈ (Z/m), the induced
automorphism ϕ∗ on the group H 2n(Z/m) = Z/m is determined by a power kn with k
corresponding to ϕ in the group (Z/m). In particular, in the light of Proposition 2.2 we
derive an extension
0 → (Z/2)t → A(Z/a)×Autα(G)
(
a|G|, n[(α), d])
→ A(a,n[(α), d])AAutα(G)(|G|, n[(α), d])→ 0 provided (a, |G|)= 1
and whence
cardK2n[(α),d]−1
Z/aαG
/
 = 2tO
(
a,n
[
(α), d
])
OAutα(G)
(|G|, n[(α), d])
with 0 t  1 for any n 1. Because the number O(a,n[(α), d]) has been developed in
[6], we are led to compute OAutα(G)(|G|, n[(α), d]).
Suppose now that G = Z/pm with a prime p, m > 0 and n = n′ps with (n′,p) = 1.
Consider first the cases either p is odd and (α) = pl > 1 or p = 2 and (α) > 2. Then by
Proposition 1.5 we have that either Autα(Z/pm) ⊆ Z/pm−1 for p odd or Autα(Z/2m) ⊆
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Z/2m−2 and pm−l is the order of the cyclic Autα(Z/pm) in both cases. We keep a multi-
plicative notation for group operations in the groups Z/pm−1 for p odd and Z/2m−2 as
well. Then observe that {±xn(α); x ∈ Autα(Z/pm)} = {±xn′pl+s ; x ∈ Autα(Z/pm)} ∼=
Z/2 × Z/pmax(0,m−1−2l−s) for p odd and {±xn(α); x ∈ Autα(Z/2m)} = {±xn′2l ; x ∈
Autα(Z/2m)} ∼= Z/2 × Z/2max(0,m−2−2l−s). But (Z/pm) ∼= Z/(p − 1) × Z/pm−1 for an
odd p or m< 3 and (Z/2m) ∼= Z/2 × Z/2m−2 for m 3. Whence
AAutα(Z/pm)
(
pm,n(α)
)∼= Z/((p − 1)/2)× Z/pmin(m−1,2l+s) for an odd p
and
AAutα(Z/2m)
(
2m,n(α)
)∼= Z/2min(m−2,2l+s).
Let now b = pm11 · · ·pmss be the prime factorization of b with mi  1 for i = 1, . . . , s.
Then an isomorphism χ : Z/pm11 × · · · × Z/pmss
∼=−→ Z/b and an action α : Z/b → (Z/a)
implies the action αχ : Z/p1n1 × · · · × Z/pt nt → (Z/a) uniquely determined by its
restrictions (αχ)i : Z/pnii → (Z/a) for i = 1, . . . , t . Then Proposition 2.2 leads to
Corollary 2.3. Let p be a prime, m and a positive integers with (a,pm) = 1 and
α : Z/pm → (Z/a) an action with (α) = pl . If n is a positive integer with n = n′ps
and (n′,p) = 1 then:
(1) for an odd p either AAutα(Z/pm)(pm,n(α)) ∼= Z/((p − 1)/2) × Z/pmin(m−1,2l+s)
provided (α) > 1 or AAutα(Z/pm)(pm,n(α)) ∼= A(pm,n(α)) provided (α) = 1;
(2) either AAutα(Z/2m)(2m,n(α)) ∼= Z/2min(m−2,2l+s) provided (α) > 2 with m  3 or
AAutα(Z/2m)(2m,n(α)) ∼= A(2m,n(α)) otherwise for any n > 0.
Furthermore, if b = pm11 · · ·pmss is the prime factorization of b with mi  1 for
i = 1, . . . , s, then an isomorphism χ : Z/pm11 × · · · × Z/pmss
∼=−→ Z/b and an action
α : Z/b → (Z/a) lead to an extension
0 → (Z/2)t → AAutα(Z/b)(b, n) →
s∏
i=1
AAut(αχ)i (Z/p
i
mi
)
(
p
mi
i , n
)→ 0
where t is determined as follows:
(1′) t = 0, if −1 ∈ {xn; x ∈ Aut(αχ)i (Z/pmii )} for any i = 1, . . . , s;
(2′) t = s − 1 − #{i;−1 ∈ {xn; x ∈ Aut(αχ)i (Z/pmii )}}, otherwise.
Let now g4 be a generator in the group H 4(Q4m) = Z/4m. Then by [14], the element
gn4 generates H
4n(Q4m) = Z/4m. By virtue of [7,14], given ϕ ∈ Aut(Q4m) the induced
automorphism on cohomology H 4n(Q4m) = Z/4m is determined by a power r2n with
(r,2m)= 1 for m> 2 and it is the identity map on H 4n(Q4m) = Z/4m for m = 2.
If β = (β1, β2) : Z/b × Q2i → (Z/a) is an action then Corollary 1.4 yields an iso-
morphism Autβ(Z/b×Q2i ) ∼= Autβ1(Z/b)× Autβ2(Q2i ). Furthermore by Proposition 1.9
we have Autβ2(Q2i ) ∼= Z/2i−1  Aut(Z/2i−1) provided β2(x) = 1a and Autβ2(Q2i ) ∼=
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Z/2i−2  Aut(Z/2i−1) otherwise for i > 3. Then, by [7, Lemma 2.1] we get that
AAutβ2 (Q2i )(2
i , n[(β),2]) ∼= A(2i , n[(β),2]) for i > 3 and n > 0 and by [14] there is
an isomorphism AAutβ2 (Q8)(8, n[(β),2]) = (Z/8)/{±18} ∼= Z/2. Hence Proposition 2.2
and [7, Lemma 2.1] lead to
Corollary 2.4. Let β = (β1, β2) : Z/b×Q2i → (Z/a) be an action with (a, b)= (ab,2)=
1 and i  3. Then there is an extension
0 → (Z/2)t → AAutβ1 (Z/b)×Autβ2 (Q2i )
(
2ib, n
)
→ AAutβ1 (Z/b)(b, n)× AAutβ2 (Q2i )
(
2i , n
)→ 0
with 0 t  1 and:
(1) AAutβ2 (Q2i )(2i , n[(β),2])∼= A(2i, n[(β,2]) for i > 3;(2) AAutβ2 (Q8)(8, n[(β),2])∼= Z/2 for any n > 0.
In the light of Proposition 2.2, given the prime factorization m = pm11 · · ·pmss the
order O(m,n) can be described by means of O(pmii , n) for i = 1, . . . , s. Furthermore,
in [6, Corollary 2.3] explicit formulae for O(pm,n) have been developed as follows.
Assume that n = qt11 · · ·qtll and p − 1 = qu11 · · ·qull , where q1, . . . , ql are different primes,
t1, . . . , tl , u1, . . . , ul are non-negative integers and ti or ui is positive for all i = 1, . . . , l.
Proposition 2.5. Let p be a prime and m,n positive integers.
(1) If p is odd and (p − 1)/2 is divisible by n in the group Z/(p − 1), or p = 2 and n is
an odd integer, then O(pm,n) is equal to:
(i) qmin(t1,u1)1 · · ·qmin(tl ,ul)l , for p 	= 2 and p 	= q1, . . . , ql ;
(ii) qmin(t1,u1)1 · · ·q
min(ti0−1,ui0−1)
i0−1 p
min(m−1,ti0 )qmin(ti0+1,ui0+1)i0+1 · · ·q
min(tl,ul )
l , if p 	= 2
and p = qi0 for some 1 i0  l;
(iii) 1, if p = 2.
(2) Otherwise O(pm,n) is equal to:
(i) 2−1qmin(t1,u1)1 · · ·qmin(tl ,ul)l , if p 	= 2 and p 	= q1, . . . , ql ;
(ii) 2−1qmin(t1,u1)1 · · ·q
min(ti0−1,ui0−1)
i0−1 p
min(m−1,ti0 )qmin(ti0+1,uio+1)i0+1 · · ·q
min(tl,ul)
l , if p 	= 2
and p = qi0 for some 1 i0  l;
(iii) 2min(ti0 ,m−2), for p = 2, m 3 and qi0 = 2;
(iv) 1, for p = 2, m 2 and qi0 = 2.
The discussion above rises the main result.
Theorem 2.6. Let α : Z/b → (Z/a) and β = (β1, β2) : Z/b × Q2i → (Z/a) be actions
with (a, b) = (ab,2)= 1 and i  3, where β1 : Z/b → (Z/a) and β2 : Q2i → (Z/a) are
appropriate restrictions of β . Then:
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(1) cardK2n(α)−1 /
 = 2tO(a,n(α)OAutα(Z/b)(b, n(α)), where 0  t  1 is given byZ/aαZ/b
Proposition 2.2 and the order OAutα(Z/b)(b, n(α)) by Corollary 2.3;
(2) cardK2n[(β),2]−1
Z/aβ (Z/b×Q2i )/
 =:
(i) 2t+t ′O(a,n[(β),2])OAutβ1 (Z/b)(b, n[(β),2])O(2i,2n[(β),2]) for i > 3 and
(ii) cardK2n[(β),2]−1
Z/aβ (Z/b×Q8)/
 = 2t+t
′+1O(a,n[(β),2])OAutβ1 (Z/b)(b, n[(β),2]) for
i = 3, where 0  t, t ′  1 are given by Proposition 2.2 and OAutβ1 (Z/b)(b,
2n[(β),2]) by Corollary 2.3.
Let now α : Z/b → (Z/a) and β = (β1, β2) : Z/b × Q2i → (Z/a) be actions with
(α), (β)  2. Then of course 2(α),2[(β),2]  4 and the groups Z/a α Z/b and
Z/a β (Z/b × Q2i ) act on a CW-complex X(4n − 1) for any n  1. Furthermore, as it
was observed in the previous section, Autα(Z/b)= (Z/b) for the group Z/a α Z/b and
(β1) = 1 for the group Z/a β (Z/b × Q2i ). Hence (Z/a) × Autα(Z/b) ∼= (Z/ab) and
Z/a β (Z/b × Q2i ) ∼= Z/ab β ′ Q2i with the action β ′ : Q2i
β2−→ (Z/a) ↪→ (Z/ab).
On the other hand, Q2iab ∼= Z/ab β ′′ Q2i for some action β ′′ : Q2i → (Z/ab) and by
Corollary 2.4 we have AAutβ′ (Q2i )(2
i ,2n) ∼= AAutβ′′ (Q2i )(2i ,2n). Hence, in the light of
Proposition 2.2, we are in a position to deduce:
Corollary 2.7. Let α : Z/b → (Z/a) and β : Z/b×Q2i → (Z/a) be actions with (a, b)=
(ab,2)= 1 and (α), (β) 2. Then:
(1) cardK4n−1
Z/aαZ/b
/
 = cardK4n−1Z/ab /
, and
(2) cardK4n−1
Z/aβ (Z/b×Q2i )/
 = cardK
4n−1
Q2i ab
/
 for any n 1.
We point out that the numbers cardK4n−1
Z/ab /
 of (4n− 1)-lens spaces and cardK4n−1Q2i ab/

of (4n − 1)-spaces forms for the group Q2iab have been fully described in [6,7],
respectively.
3. Groups of self homotopy equivalences
Let γ be a free and cellular action of a finite group G on a CW-complex X(2n−1). Then
by means of, e.g., [4, Chapter XVI, §9] we have H 2n(G) ∼= Z/|G| and write η˜ : Aut(G) →
(Z/|G|)/{±1} for the composition of the anti-homomorphism η : Aut(G) → (Z/|G|)
considered in the previous section with the quotient map (Z/|G|) → (Z/|G|)/{±1}.
In view of [6, Proposition 3.1] (see also [12, Theorem 1.4]) the group E(X(2n − 1)/γ )
of homotopy classes of self homotopy equivalences for the spaces form X(2n − 1)/γ is
isomorphic to the kernel of the map η˜ : Aut(G) → (Z/|G|)/{±1} for all n  1 provided
|G| > 2. However, by, e.g., [6, Remark 1.6] the group E(X(2n − 1)/γ ) is isomorphic to
Z/2 for |G|  2. It follows that E(X(2n − 1)/γ ) is independent of the action γ of the
group G whence we simply write E(X(2n− 1)/G) for this group.
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Let α :G → (Z/a) be an action, (a, |G|)= 1 and 2d a period of G. If either a|G| 2
or a  2 then the action α :G → (Z/a) is trivial and so Z/a α G = Z/a × G. Then by
virtue of [12, Theorem 1.4] one gets
E(X(2dn− 1)/(Z/a α G))
∼=
{
Z/2, if a|G| 2,
E(X(2nd − 1)/G), if a|G|> 2 and a  2.
However for a|G|> 2 with a > 2 consider the factorization
Aut(Z/a α G)
ψ
η
Aut(H 2n[(α),d](Z/a α G))
(Z/a) × Autα(G)
η′
studied in the previous section. Because H 2n[(α),d](Z/a  G) ∼= Z/a|G| whence the
composition of η and η′ with the quotient map (Z/a|G|) → (Z/a|G|)/{±1} leads to
the factorization
Aut(Z/a α G)
ψ
η˜
(Z/a|G|)/{±1}
(Z/a) × Autα(G)
η˜′
On the other hand, the splitting exact sequence
0 → Derα(G,Z/a) → Aut(Z/a α G) → (Z/a) × Autα(G) → 1
from Section 1 rises such a sequence
0 → Derα(G,Z/a) → Ker η˜ → Ker η˜′ → 1.
If now the group Z/aαG acts freely and cellularly on a CW-complex X(2n[(α), d]−1)
then we deduce that
E(X(2n[(α), d]− 1)/(Z)/a α G)∼= Ker η˜ ∼= Derα(G,Z/a)  Ker η˜′.
Observe that
Ker η˜′ ∼=


E(X(2n[(α), d]− 1)/(Z/a))
×Eα
(
X
(
2n
[
(α), d
]− 1)/G), if |G| > 2;
E(X(2n[(α), d]− 1)/(Z/a)), if |G| 2,
where Eα(X(2n[(α), d]−1)/G) is the subgroup of E(X(2n[(α), d]−1)/G) determined
by the subgroup Autα(G) ⊆ Aut(G). Furthermore, in the light of Section 1 there is an
isomorphism Derα(G,Z/a) ∼= (Z/a)/(Z/a)G, where (Z/a)G is the subgroup of Z/a
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consisting of all elements of Z/a invariant under the action of G. In particular, if G ∼= Z/2
then a is odd and consequently (Z/a)G is trivial. Thus we can state the following
generalization of [12, Theorem 1.8].
Proposition 3.1. Let the group Z/a α G with (a, |G|) = 1 acts freely and cellularly on
a CW-complex X(2n[(α), d] − 1) for n  1, where 2d is a period of G. Then there are
isomorphisms:
E(X(2n[(α), d]− 1)/(Z/a α G))
∼=
{
Z/2, if a|G| 2,
E(X(2n[(α), d]− 1)/G), if a|G|> 2 and a  2,
however for a|G|> 2 with a > 2 it holds
E(X(2n[(α), d]− 1)/(Z/a α G))
∼=


(Z/a)/(Z/a)G 
(E(X(2n[(α), d]−1)/(Z/a))
×Eα
(
X
(
2n
[
(α), d
]− 1)/G)), if |G| > 2,
Z/a  E(X(2n[(α), d]− 1)/(Z/a)), if |G| 2.
But [7, Section 3] deals with the group E(X(2n[(α), d] − 1)/(Z/a)), however the
group Eα(X(2n[(α), d] − 1)/G) consists of all automorphisms ϕ ∈ Autα(G) with ϕ∗ =
±idZ/|G|) provided |G| > 2. Write G±α (G,n[(α), d]) for the set of solutions in Autα(G)
of the equations ϕ∗ = ±id(Z/|G|) , respectively.
Suppose now that α : Z/b → (Z/a) is an action with (a, b) = 1, ab, b > 2 and b =
p
m1
1 · · ·pmss is the prime factorization of b. Then by Corollary 1.4 we have Autα(Z/b) ∼=
Autα1(Z/p
m1
1 ) × · · · × Autαs (Z/pmss ), where αi : Z/pmii → (Z/a) denotes the restriction
of α to Z/pmii for i = 1, . . . , s. Consequently
Eα
(
X
(
2n(α) − 1)/(Z/b))
∼= Eα1
(
X
(
2n(α) − 1)/(Z/pm11 ))× · · · × Eαs (X(2n(α) − 1)/(Z/pmss )).
If b = pm with a prime p, m > 0 and (α) = pl then Autα(Z/pm) = (Z/pm) for
(α) = 1 and an odd p or p = 2 and (α) = 1,2. Thus Eα(X(2n(α) − 1)/(Z/pm)) =
E(X(2n(α) − 1)/(Z/pm)) in both cases. Otherwise, by Corollary 2.3 the number pm−l
is the order of the cyclic group Autα(Z/pm) ⊆ Z/pm−1 generated by 1 + (α), and
−1pm /∈ Autα(Z/pm) provided (α) > 1. But G±α (Z/pm,n(α)) consists of all elements l
with ln(α) = ±1pm so the set G−α (Z/pm, (α)) is empty because −1pm /∈ Autα(Z/pm).
To find G+α (Z/pm,n(α)) write n = psn′ with (n′,p) = 1. Then we see that
ln(α) = 1pm for any l ∈ Autα(Z/pm) or equivalently G+α (Z/pm, (α)) = Autα(Z/pm)
provided (α)2  pm−s . Otherwise ln(α) = 1pm if and only if l is in the subgroup of
Autα(Z/pm) with order pm−s/(α)2. Furthermore it can be easy shown that the element
1 + pmax(l,m−l−s) ∈ Autα(Z/pm) is a generator of the group G+α (Z/pm,n(α)) for n > 0,
where (α) = pl . The following result summarize the discussion above.
Theorem 3.2. Let (a, b)= 1, ab, b > 2 and α : Z/b → (Z/a).
(1) If α : Z/pm → (Z/a) with a prime p, (α) = pl and m 1 then:
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(a) Eα(X(2n(α) − 1)/(Z/pm)) = E(X(2n(α) − 1)/(Z/pm)) provided either
(α) = 1 for an odd p or (α) = 1,2 for p = 2;
(b) Eα(X(2n(α)−1)/(Z/pm)) = 〈1+pmax(l,m−l−s)〉, where n = psn′ and (n′,p) =
1 for n 1.
(2) If b = pm11 · · ·pm
s
s is the prime factorization of b then
Eα
(
X
(
2n(α) − 1)/(Z/b))
∼= Eα1
(
X
(
2n(α) − 1)/(Z/pm11 ))× · · · × Eαs (X(2n(α) − 1)/(Z/pmss )),
where αi : Z/pmii → (Z/a) denotes the restriction of α to Z/pmii for i = 1, . . . , s.
Let now move to the group Z/a β (Z/b×Q2i ) with the least period 2[(β),2], where
β = (β1, β2) : Z/b × Q2i → (Z/a) and Q2i = {x, y; x2i−1 = y2, xyx = y}, (ab) =
(ab,2) = 1 and i  3. Then certainly 2iab > 2 and Autβ(Z/b × Q2i ) ∼= Autβ1(Z/b) ×
Autβ2(Q2i ), and
Eβ
(
X
(
2n
[
(β),2
]− 1)/(Z/b)× Q2i)
∼= Eβ1
(
X
(
2n
[
(β),2
]− 1)/(Z/b))× Eβ2(X(2n[(β),2]− 1)/Q2i ).
Obviously the group Eβ1(X(2n[(β),2] − 1)/(Z/b)) has been described in Theorem 3.2.
To study the group Eβ2(X(2n[(β),2] − 1)/Q2i ) first we recall that by [14] any auto-
morphism ϕ ∈ Aut(Q8) induces the identity map on the cohomology group Hn[(β),2](Q8).
Thus Proposition 1.9 yields
Corollary 3.3. Let β = (β1, β2) : Z/b × Q8 → (Z/a) with (a, b)= (ab,2)= 1. Then:
(1) either Eβ2(X(2n[(β),2] − 1)/Q8) ∼= S4, if β2 is trivial;
(2) or Eβ2(X(2n[(β),2] − 1)/Q8) ∼= D8 if order of the image of β2 is 2;
(3) or Eβ2(X(2n[(β),2] − 1)/Q8) ∼= Z/2 × Z/2 if order of the image of β2 is 4,
where S4 is the symmetric group on four letters and D8 the dihedral group.
However for i > 3, by means of the description of induced maps (recalled in the
previous section) on cohomology by automorphisms of cyclic and generalized groups,
we derive that the group Eβ2(X(2n[(β),2] − 1)/Q2i ) is given by odd integers r
with rn[(β),2] = ±idZ/2i provided ϕ ∈ Autβ2(Q2i ) with ϕ(x) = xr and ϕ(y) = xly
for some l = 0, . . . ,2i−1 − 1. In view of Proposition 1.9 we know that Autβ2(Q2i ) ∼=
Z/2i−1  Aut(Z/2i−1) provided β2(x) = 1a and Autβ2(Q2i ) ∼= Z/2i−2  Aut(Z/2i−1)
otherwise. Therefore the group Eβ2(X(2n[(β),2] − 1)/Q2i ) coincides with the group
E(X(2n[(β),2] − 1)/Q2i ) studied in [7, Section 3]. Finally, by Proposition 3.1 and the
consideration above we can close the paper with
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Theorem 3.4. Let β = (β1, β2) : Z/b × Q2i → (Z/a) with (a, b) = (ab,2)= 1. If γ is a
free and cellular action of the semi-direct product Z/a β (Z/b × Q2i ) on a CW-complex
X(2n[(β),2] − 1) then
E(X(2n[(β),2]− 1)/γ )
∼= Derβ(Z/b × Q2i ,Z/a)

(
E(X(2n[(β1),2]− 1)/(Z/a))× Eβ1(X(2n[(β),2]− 1)/(Z/b))
× Eβ2
(
X
(
2n
[
(β),2
]− 1)/Q2i )
)
,
where
(1) Eβ2(X(2n[(β),2] − 1)/Q2i ) = E(X(2n[(β),2] − 1)/Q2i ) for i > 3;
(2) the group Eβ2(X(2n[(β),2] − 1)/Q8) is given by Corollary 3.3.
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